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EXECUTIVE SUMMARY

An extended open-source software package for wave-optical PSF calculations has been
developed, representing a key milestone for the BE-LIGHT project, particularly in
advancing machine learning (ML) approaches for Super-resolution Optical Fluctuation
Imagin (SOFI). The framework enables the generation of high-fidelity training datasets
that incorporate complex optical effects beyond standard Gaussian approximations,
improving the robustness and generalizability of ML models. It also supports precise
modeling of advanced 3D PSFs, enhancing axial resolution and enabling accurate
volumetric reconstruction. Additionally, the package facilitates the integration of
physics-informed constraints into neural networks, reducing black-box behavior and
ensuring physically consistent results. As an open-source tool, it promotes collaboration
across institutions and provides a versatile platform applicable to diverse imaging
modalities, thereby increasing the project’s scientific impact and visibility.

INTRODUCTION

An extended open-source software package for wave-optical PSF calculations has been
developed, as described in the manuscript “Universal approach to wave-optical
calculations of point spread functions in microscopy.” This represents a critical
milestone for the BE-LIGHT project, directly supporting the development of ML
algorithms for SOFI.

1 GENERATING HIGH-FIDELITY TRAINING DATA FOR ML

The performance of ML algorithms in optical nanoscopy is inherently limited by the
quality and diversity of the training data. Standard Gaussian approximations of the Point
Spread Function (PSF) fail to capture the complex wave-optical artifacts—such as
vector effects at high numerical aperture (NA), stratified media aberrations, and
structured excitation—that are present in real-world experiments. Our framework
provides a rigorous wave-opti-cal foundation to generate "ground truth" datasets that
include these physical complexi-ties. This ensures that ML models trained for SOFI are
robust and generalizable to actual laboratory conditions.

2 ENHANCING 3D SOFI THROUGH PRECISE PSF ENGINEERING

As described in the BE-LIGHT proposal, advancing SOFI requires accurate 3D
localization and sectioning. Our paper explicitly demonstrates how to model complex
3D PSFs, such as the Double-Helix PSF and STED-like configurations, using a unified
reciprocity-based approach. By integrating these precise 3D models into the SOFI
framework, we en-able ML algorithms to reconstruct three-dimensional structures with
unprecedented ax-ial precision, directly fulfilling the project’s mandate for advanced
data analysis in bio-medical light-based technologies.

3 A VERSATILE TOOL FOR "PHYSICS-INFORMED'" NEURAL NETWORKS

The modern trend in biomedical imaging is the move toward Physics-Informed Neural
Networks (PINNs). By providing a "frugal" yet powerful Matlab package based on the
core PlaneWaveExc.m function, we provide the BE-LIGHT consortium with a tool to
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embed physical constraints directly into ML architectures. This reduces the "black box"
nature of Al, ensuring that reconstructed SOFI images remain physically consistent with
the laws of diffraction and interference.

4 OPEN-SOURCE IMPACT AND DISSEMINATION

A core requirement of MSCA Doctoral Networks like BE-LIGHT is the creation of
accessi-ble, high-impact research tools. By releasing this universal PSF modeling
package as an open-source resource, we facilitate collaboration across the network's
partner institu-tions and provide a standardized platform for modeling diverse
modalities—from iSCAT to JWST-like segmented apertures—thereby amplifying the
project's visibility in both the biological and astronomical imaging communities.

ANNEX - UNIVERSAL APPROACH TO WAVE-OPTICAL
CALCULATIONS OF POINT SPREAD FUNCTIONS IN
MICROSCOPY (AND BEYOND)

5 13/04/2026
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Abstract

Optical microscopy is fundamental to modern life-science research, yet interpreting its results
requires precise modelling of Point Spread Functions (PSFs) within complex environments. This
manuscript introduces a versatile and efficient approach to wave-optical PSF calculations that
extends existing frameworks by incorporating detection PSF modelling through the principle
of reciprocity. Accompanying this work is a free Matlab software package centred on a single,
minimalistic core function, PlaneWaveExc .m, which utilizes a plane-wave superposition based
on the Richards-Wolf model. Despite its simplicity, the framework accounts for ,real-life“ com-
plexities such as systemic aberrations, arbitrary amplitude and phase modulations, and strati-
fied media with complex-valued refractive indices. We demonstrate the software’s broad ap-
plicability through diverse case studies, including single-molecule imaging, STED microscopy,

the segmented aperture of the James Webb Space Telescope, and coherent wide-field iSCAT



microscopy. Each example is supported by dedicated scripts to facilitate adaptation for specific

research needs.

1. Introduction

Optical microscopy remains a cornerstone of life-science research. Recent years have seen a
transformative surge in methods aimed at enhancing resolution, contrast, and information
density. To accurately interpret these images and model experimental outcomes, precise cal-
culations of the Point Spread Function (PSF)—the fundamental response of an imaging system
to a point source—are indispensable. While several software packages currently exist to ad-
dress this need, they must balance mathematical rigor with speed, user accessibility, and the

versatility required to model complex optical environments.

A substantial body of literature and various software tools already focus on accelerated PSF
calculations (notably refs. [1-4]). In this manuscript, we extend this existing framework by in-

corporating the modelling of the detection PSF through the principle of reciprocity [5-9].

Accompanying this paper is a free Matlab software package centred on a single, minimalistic
core function. Despite its simplicity, this function is capable of modelling a diverse array of

imaging modalities. We have placed special emphasis on ,real-life” complexity, including:

e Systemic Aberrations: Modelling realistic optical imperfections.

e Modulations: Handling both amplitude and phase modulations in excitation and de-
tection.

e Multilayer Samples: Support for stratified media with arbitrary, complex-valued re-

fractive indices.

In the following chapter, we provide a brief overview of the physical principles underlying our
PSF calculations and detail the architecture of the core Matlab function. The third chapter pro-
vides several concrete applications of the software. To assist the reader in adapting the code
for specific research requirements, each example is accompanied by a dedicated Matlab script

that reproduces the figures presented in this work.
The case studies include:

1. Stratified Samples: Calculating focal distributions in multi-layered media.

2. Wide-field Microscopy: Incorporating the effects of optical aberrations.



Confocal Detection: Analysing the impact of pinhole misalignment.
Single-Molecule Imaging: Modelling defocused imaging of single emitters.

Scanning Microscopy: Imaging single molecules with circularly polarized excitation.

o v & Ww

STED Microscopy: Modelling Stimulated Emission Depletion imaging.

7. Amplitude Modulation: Using the James Webb Space Telescope as a case study for non-
trivial apertures.

8. Phase Modulation: Demonstrating the Double-Helix PSF.
9. Nonlinear Imaging: Modelling Super-resolution Optical Fluctuation Imaging (SOFI).

10. Coherent Imaging: Applying the framework to wide-field Interferometric Scattering (iS-
CAT) microscopy.

2. Theoretical background

2.1 Focusing of plane wave though objective

We start with considering the focusing of a linearly polarized plane wave through an objective
as shown in Figure 1a. Following the classical work by Wolf [10] and Richards and Wolf [11],

the electric field distribution in the focal region is given by the plane-wave superposition

p,in~p

(C] 2n
Eexc (p,Z) = J‘dej d(l)sine1 /cosO (E él +E5,inés )eiqPJrin(z—zf) (1)
0 0

The integration variables are the polar angle 6 and azimuthal angle ¢ as shown in the figure.

The lateral component q of the wave vector is given by
q=n,k(sin@cos¢,sinOsing,0) (2)

and the axial components wg and w are given by

w, =+/nk’ — g (3)

Here, k=2n/k is the length of the wave vector of a plane wave in vacuum, and ng is the re-
fractive index of the objective’s immersion medium. The unit vectors é; and e, point along
the p- and s-polarization of the plane wave traveling along the direction (q,wo), and z, is the
focus position with respect to the coordinate origin at z=0. The £,, =cos¢ and E_, =sin¢

are the electric field amplitudes of the p- and s-wave components after focusing for an



incoming plane wave polarized along the x-axis (¢ = 0) and having unity amplitude. The factor

\/cosO in the above expression ensures energy conversation upon focusing.

a N b refractive stack of layers with
8 objective index m,¢ refractive indices
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lens } My, ..., M,t-1 and thick-

é:/ spherical .\ness values di,1, ..., dh,t-1
= |
wavefront 5 ) layer with refractive
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index no,1

planar refractive indices
wavefront No,2, -.., No,b and thick-
dolb

ness values do,1, ...,

Figure 1: (a) Geometry of focusing a plane wave trough an objective lens. (b) Geometry of a layered
sample consisting of a bottom and top stack of planar layers with different refractive indices a thick-
ness values enclosing the sample layer with refractive index n and thickness d.

The above equation is correct when focusing a plane wave into a homogeneous medium with
the correct refractive index no matching the objective’s immersion medium. In many real situ-
ations, the sample structure can me much more complex, including many layers of different
non-matching refractive indices, as shown in Figure 1b. In that case, eq. (1) has to be modified

as follows
Eerc P; Idej. ddsinB+/cosO |:(E e, +E+é;)eiwz +(Es‘és +E;é;)e—iwz]P(u'd))eiqp—iwozf (4)

where the axial components w is given by

w=+n’k*-q° (5)
involving the refractive index n of the sample layer which can be significantly different from
the ng of the immersion medium. Correspondingly, the unit vectors éfl and e, are now defined
by (see Figure 1b)

é, =(—sin¢,cos¢,0)

=(wcos,wsing,+q)/nk (6)

Eq. (4) also incorporates an additional pupil function P(u,d)) which accounts for arbitrary am-

plitude and phase modulations of the electric field incident onto the back focal plane. This

function is defined in terms of the normalized pupil radius, u =sin6/sin®, and the azimuthal

angle ¢. The maximum half-angle of light collection, ®, is related to the numerical aperture NA



of the objective via the relation NA=nsin® where n represents the refractive index of the

immersion medium for which the objective was designed..

It remains to find the amplitudes E;S within the sample layer, which will be derived in the next

section.
2.2 Propagation of plane waves through a stack of planar layers

Consider the propagation of a plane wave with the lateral component q of the wave vector

through a stack of N planar layers with refractive indices ny,n,,...,n,,, and thickness values

d,,d,,...,d,, where the refractive index no refers to the lower infinite half space and the re-

fractive index n,, to the upper infinite half space. At each interface dividing layer j and layer

N+1

J + 1, there are two plane waves with amplitudes Ei,j in layer j and two plane waves E_ ,,, in
layer j + 1, where the plus superscript refers to a forward propagating wave with axial wave
vector component w; :,/nf —g° and the minus sign to a backward propagating wave with

axial wave vector component -wj. The subscript a determines whether we consider a p-wave
(o= p, polarization vector in plane of incidence) or an s-wave (o = s, polarization vector per-
pendicular to incidence plane). Taking into account the boundary condition that in-plane com-
ponents of the electric and magnetic fields are continuous across interfaces, the field ampli-

tudes across an interface are then coupled by the equation

E; . - E
[Ed]: M; '[E'”l} (7)
a,j a,j+1
where the transfer matrix for p-waves is given by

2 2 2 2

NP° 1 ”j+1/”f_Wj+1/Wf nj+1/nj+Wj+1/Wf (8)
Lt ol 2 /n2+w w, n’ /nz—w w
a1 AW Wy L nf—w

and for s-waves it reads

. 1(1-w,, /w, 1+w,,/w,
MLM—Z[ (9)

- 1+Wj+1/Wj l—wm/wj

The propagation matrix within a layer, connecting the electric field amplitudes at interface (j,

j + 1) with those at interface (j - 1, j). i.e. reads



6 e—iwjdj 0 (10)
J 0 eiwidi

E+0 '/ i N Y E+N 1
“ =My, | []D, M, - || (11)
Eq,o j=1 Eq,N+1

+

By setting £_ ., to 0 (no back propagating wave in the upper half space) and E_ ., to 1, one

+

w41 and thus finds for the total reflection and transmission coeffi-

+ .
can thus express E_ , via E

cients

o 1
R,=—2%and T, =— (12)
o,0 a,0

Consider a layer with refractive index n and thickness d, sandwiched between two stacks of
layers as shown in Figure 1b. The compound transmission coefficient from bottom into the

layer is denoted as T, , . The compound reflection coefficients, measured from inside the layer
towards the boundaries, are R, , for the bottom interface and R, , for the top interface. These

coefficients are calculated according to the procedure described above.

For a plane wave incident from the bottom, the electric field amplitudes as used in eq. (4) are

given by
. Ty
e TITR R, e e 13)
t,a' 'b,a
and
-,— R eZiwd
Nl a9
- b,a"'t,a

which accounts for the infinite number of multiple reflections between the top and bottom

layer stacks.

2.3 The reciprocity principle and the detection PSF



Having calculated the electric field distribution E,_(p,z) in the focal region, one can calculated

the point spread function of excitation (excitation PSF) of a dipole emitter which has an ab-
sorption dipole amplitude vector p. At sufficiently low excitation intensities, the excitation rate

of such a dipole emitter is proportional to square of the scalar product of its absorption dipole

moment p with the local electric field amplitude E,, (p,z), so that the excitation PSF U, (p,2)

is given by

U, (p.2)=[pE,,.(p,2) (15)

It should be noted that the excitation PSF is modified at high excitation intensities, which can
pump molecules into intermediate photophysical states, such as the triplet state or photo-
induced radical states. At very high intensities, the excited singlet state also becomes increas-
ingly saturated, further altering the effective absorption rate. For the sake of simplicity, we do
not consider these complex photophysical scenarios here, although our routines can be easily

adapted to account for them.

Often, we will assume that imaging is done with an isotropic orientation of emitter dipoles in

which case the point spread function simplifies to

Eexc,z (p,Z)|2 (16)

E,., (p,z)|2 +

Ever(P2)[ +

E,.. (p,z)|2 =

Uexc (p,Z) =

We now turn to the detection PSF, which describes the efficiency with which a point emitter
(or, more generally, a dipole emitter) is captured by a point detector at a given position in
image space. The conventional approach for calculating this involves first determining a plane-
wave representation of the emitter’s electric field, tracing these components through the op-
tical system (analogous to the focusing model in Section 2.1), and finally deriving the Poynting

energy flux through the detector plane.

Here, we present a significantly simpler approach that leverages the routines developed for
modelling the excitation PSF, thereby bypassing the need to compute complex electric field
distributions for various emitters. This method is based on the principle of reciprocity [5-9]:
instead of calculating the detection probability of a photon originating from the emitter, we
consider the inverse scenario. Specifically, we analyse how effectively a photon ,,emitted” by

the point detector would be absorbed by the emitter. We assert that this absorption



probability is proportional (up to a constant) to the probability of the point detector capturing
a photon from the point emitter.

X Figure 2: lllustration the path of a single
whe | light ray as it traverses the tube lens,
lens. | which focuses the collected light onto
the detector plane. To model this pro-
cess using the principle of reciprocity,
the calculation is inverted: we determine
the electric field distribution generated
by a virtual point dipole emitter located
on the detector pixel for which the de-
tection efficiency is being calculated.

. 5
spherical
wavefront

Let us consider the electric field distribution in the sample space generated by a point-like
emitter (light emitting detector pixel) located on the optical axis in the detector plane. We
model this emitter as an ideal electric dipole emitter with an orientation along the x-axis, cor-
responding to x-polarized detection (the case for a y-polarized detection is then obtained by a
simple 90° rotation around the optical axis). The situation is illustrated in Figure 2. To obtain
the electric field distribution in the back focal plane, we follow a procedure similar to Section

2.1: we project the dipole moment vector onto the unit vectors é;, and e, shown in Figure 2,
which then give the corresponding electric field amplitudes along ép and e, in the back focal

plane, multiplied by an additional factor of 1/+/cosO to account for energy conservation.

Thus, assuming the dipole amplitude of the emitting pixel is unity, we have

E, =cos¢~/cosO
sind (17)

\JcosO

E =—

Finally, the electric field amplitudes along the x- and y-directions in the back focal plane are

given by

sin® ¢
\JcosO
1
E =sindE_+cosdE.=cosdsind| /cosO —
y (I) p ¢ s (I) (I)( mj

E, =cosOE, —sindE, =cos” pv/cosO +

(18)

These equations demonstrate that the initially x-polarized electric field undergoes depolariza-

tion after being collimated by the tube lens. To estimate the extent of this depolarization, we

analyse the maximum possible values of v/cosO for an imaging system using an objective with



numerical aperture NA and magnification M. Following Abbe’s sine law, we have

sin6,,, =NA/M , where Omax is the maximum possible value of the angle 6 in image space. For

example, using a 1.2 NA water immersion objective with a magnification of M = 60, we find
Omax = 0.0200, or /cosO__ =0.9999.

From eq. (18) it follows that £, 1 and E, ~0 to at least three decimal places. This indicates

that the electric field in the back focal plane remains almost perfectly x-polarized, with negli-
gible contributions along the y-direction. This effect is even more pronounced when consider-
ing measurable light intensities, which scale with the absolute square of the electric field am-

plitudes.

Consequently, with a high degree of accuracy, the electric field generated in sample space by
a light emitting pixel on the detector is nearly identical to that generated by the diffraction-
limited focusing of a linearly polarized wave, as discussed in Section 2.1. This leads to the im-

portant result
Udet (p'z)texc (p,Z) (19)

Note that the right-hand side must be evaluated for the emission wavelength rather than the
excitation wavelength. Throughout this paper, we will utilize this approximation when calcu-
lating detection efficiency PSFs; however, we will subsequently outline how to correctly incor-
porate depolarization effects, if required, when discussing the phase modulation of back-focal
wavefronts.

One final important detail concerns the correct interpretation of the coordinates p and z in
Udet(p,z). The lateral vector p represents a position on the image plane, back-projected into
sample space. The axial coordinate z denotes the position of a point emitter along the optical

axis that generates the corresponding intensity distribution in the image plane.

A last detail to consider is the case of detection through a confocal aperture. In that case, one

has to integrate the detection PSF U,,, over the surface A of the aperture, which yields the

apertured detection PSF U, (p,2):

Um(p,z):Idp’Um(p—p’,z)A(p') (20)



which is most efficiently computed via the convolution theorem. Please not that the aperture

function A(p) represents the back-projection of the physical aperture into the sample space.

Typically, this function is defined as unity (1) within the clear aperture opening and zero (0)

elsewhere.
2.4 Core MATLAB function for PSF calculation

The electric field distribution in the focal region for an x-polarized plane wave focused by an

objective is calculated using the following MATLAB command:

exc = PlaneWaveExc(rhofield, zfield, NA, n@, n, nl, do, d, di, lambda,
focpos, phirot, pupil, maxm, maxnum)

This routine has the mandatory input variables rhofield, zfield, NA, n@, n, nl, do,
d, di1, lambda, focpos. The optional variables phirot, pupil, maxm, maxnum are dis-
cussed in detail below. The output exc is a Matlab structure containing the calculated electric

fields, the coordinates at which they were computed, and a record of all input variables.

The first two input variables determine the lateral and axial extent of the region of interest.
The one-dimensional vector zfield defines the discrete axial positions (z,) where the electric

fields are calculated. The variable rhofield can take two forms:

1. Radial vector: If rhofield is a one-dimensional vector, it defines the discrete radial posi-
tions (p;) from the optical axis. In this case, the calculated electric fields are then re-
turned as Fourier components: exc.fxc, exc.fxs, exc.fyc, exc.fys, exc.fzc and exc.fzs. Thes
represent the fields as a Fourier expansion in the angular variable ¢ (around the optical

axis) as follows:

Ex(pj,d),zk) IllaLZX‘:"exc fxc[j k,m+1]cos(mp)+ mfnexc fxs[j ,k,m]sin(m¢)
Ey(pj,d),zk) mimexc fyc[j k,m+1]cos(md)+ mimexc fys[j k,m]sin(m¢p)  (21)

(pJ,¢ zk)— Zexc fze[j ,k,m+1] cos(m¢)+ Zexc fzs[j,k,m]sin(mo)

Here, ¢ is measured from the x-axis, and the p; and z, are the discrete positions defined
in the vectors rhofield and zfield. The optional variable maxm defines the maximum

number of Fourier components. For an ideal x-polarized plane wave, components exist



only up tomaxm = 2. For complex amplitude- or phase-modulated input fields, this must
be increased using the optional variable maxm (default value 2). This will be demon-
strated in the next chapter, where we present modelling results for input fields with

complex amplitude or phase modulation in the back focal plane.

2. Rectangular Grid: Alternatively, if rhofield is a structure with fields rhofield.x and
rhofield.y, the routine computes the field on a 3D rectangular grid generated by the
Matlab command meshgrid(rhofield.x(:)’, rhofield.y(:), zfield). The
structure exc will then contain the 3D matrices exc.fieldx[j,k,1],
exc.fieldy[j,k,1], and exc.fieldz[j,k,1], corresponding to the grid positions

X4, Yk, and z;.

The input variable NA defines the numerical aperture of the objective used. The one-dimen-
sional vectors n@ and n1 contain the refractive index values of all layers located below (n®) and
above (n1) the sample layer, see Figure 1b. The sample layer itself is characterized by refractive

index n and thickness d, and is the region where the electric field calculations are performed.

If n@ and/or n1 are single values, the space below or above the sample is assumed to be a
homogeneous half-space with the specified refractive index. The vectors d@ and d1 represent
the corresponding thickness values (in um) for these layers. These vectors should have a length
one less than n@ and n1, respectively, to account for the semi-infinite outer layers. Conse-
quently, if n@ and/or n1 are single numbers, then d@ and/or d1 must be set to an empty matrix
[]. It should be noted that n@ and n1 can contain complex-valued numbers to account for

layers made of lossy materials, such as metals.

The variable 1lambda represents the wavelength (in um) at which the electric field calculation
is performed. When computing the excitation electric field, lLambda must be set to the excita-
tion wavelength; conversely, when calculating the detection PSF, it should correspond to the

peak emission wavelength.

To account for the full emission spectrum of a specific fluorophore, the calculations can be
repeated for discrete wavelength values across the spectrum. The final result is then obtained
as a weighted superposition of these single-wavelength results, using the relative intensities

from the emission spectrum as weighting factors.



The variable focpos defines the position of the focal plane (in um) relative to the bottom of

the sample layer.

The optional input variable phirot allows for the rotation of the input plane wave’s polariza-
tion in the back focal plane. By default, PlaneWaveExc calculates the electric fields for an x-
polarized input plane wave. If phirot is specified, the linear excitation polarization is rotated
by that angle (phirot) with respect to the x-axis. As demonstrated in the next chapter, this

functionality is sufficient to calculate any arbitrary input polarization structure.

The optional variable pupil is the most versatile input, allowing for the definition of arbitrary
amplitude and/or phase modulations of the input field in the back focal plane. If provided, it
must be a string describing an executable function of the variables rad and psi. These varia-
bles represent the polar coordinates across the back focal plane pupil, where rad ranges from
0 (at the optical axis) to 1 (at the pupil edge), and psi ranges from 0 to 27nt. Detailed examples
of how to implement the pupil variable will be presented in several sections of the following

chapter.

Finally, the variable maxnum allows for the adjustment of the number of plane wave compo-
nents used to calculate the electric fields. Internally, the PlaneWaveExc function approximates

the integral over 0 in eq. (4) by summation over discrete values.

By default, the integration region is divided into maxnum = 103 equidistant discrete values, for
which the integrand is calculated and summed. In certain cases —for instance, when dealing
with thick films (several wavelengths in thickness) that exhibit strong forward and backward
reflections—this discretization may be too coarse. In such scenarios, maxnum can be used to
increase the number of discretization points. For all examples discussed in the following chap-

ter, the default value of 103 was sufficient to obtain highly accurate results.
2.5 PSF Visualization

The PSF calculation package includes two Matlab functions designed to visualize computa-

tional results. The first function is

FocusImage3D(xx, yy, zz, field, projectionFac, tsh, clfflag, varargin)

This function renders the PSF as a 3D plot of iso-surfaces at levels of constant intensity. The
obligatory input variables are xx, yy, zz and field. The first three are 3D matrices generated

by the PlaneWaveExc function if rhofield is a structure containing x and y variables that



specify the region of interest. The field variable is a 3D array containing the PSF intensity
values to be plotted. For an isotropic distribution of emitters, the PSF can be calculated and

passed to the function as follows:
field = abs(exc.fieldx).”2 + abs(exc.fieldy).”2 + abs(exc.fieldz).”2.

The optional projectionFac variable adds maximum intensity projections of the PSF onto the
xy-, yz- and zx-planes behind the 3D iso-surface. If it is a single number, then projections are
plotted on the surfaces of the current image box enlarged by this number. If projectionFac
= 1, then projections are plotted directly on the surfaces of the actual image box. If projec-
tionFac is a 3D vector, then the image box is enlarged independently in all three dimensions.

If no projections are desired, projectionFac can be omitted or set to an empty matrix [].

The optional tsh parameter defines the levels at which iso-surfaces are drawn for the PSF
(normalized to its maximum value). Default values are tsh = 1./exp(1:3). This renders three
transparent iso-surfaces at 1/e, 1/e? and 1/e3 of the PSF maximum value. Generally, tsh can

be a vector of any length containing values between 0 and 1, ordered from largest to smallest.

By default, calling FocusImage3D invokes the c1f (clear figure) command. If c1fflag is pro-
vided and not empty, it prevents the function from overriding previous plots. This is particu-

larly useful for overlaying multiple PSFs in a single figure through repeated function calls.

The varargin argument allows you to pass additional options to modify the plot axes. Inter-

nally, these arguments are applied using the command set(gca, varargin{:}).

The second visualization function extracts and plots two-dimensional cross sections of the PSF.

The calling syntax is:

[psfcs, x, y] = FocusCrossSection(xx, yy, zz, field, plane, origin, num)

The input arguments xx, yy, zz, and field are the same spatial grid and PSF intensity arrays
as described for the FocusImage3D function. The input variable plane is a required 3D vector
defined perpendicular to the desired cross-sectional plane (i.e., the plane’s normal vector). If
the input variable origin is omitted or empty, this plane passes through the coordinate origin
(0, 0, 0). If provided as a 3D vector, it defines the specific spatial point through which the cross-
section plane passes. An optional two-dimensional vector num defines the pixel resolution of

the resulting cross-section image. The default resolution is [ 200, 200].



The function automatically determines the ,,up” direction for the 2D output: By default, the
vertical axis of the cross-section image follows the projection of the global z-axis onto the cho-
sen plane. If the cross-section is the xy-plane (where the z-axis projection would be a null

point), the vertical direction defaults to the y-axis.

The output variable psfcs is a 2D array containing the PSF intensity values for the cross-sec-
tion, while the x and y are the coordinate vectors for the horizontal and vertical axes of the 2D

image.

The following chapter demonstrates how to apply the FocusImage3D and FocusCrossSec-

tion functions.



3. Applications

3.1 Focusing through stratified samples: How to deal with refractive index mismatch

As a first and straightforward example, we consider the shape of the intensity distribution
when focusing a plane wave through a 1.35 NA oil immersion objective (designed for an im-
mersion medium refractive index of no=1.51) into a layer of water (n=1.33, thickness d =5
um) covered by air (n1=1). The excitation wavelength is set to 630 nm. The corresponding
Matlab code for calculating the corresponding excitation PSF images is PSFModelingFig-
ure3.m. The computational results are shown in Figure 3, presenting xz-cross-sections of the
PSF for different focus positions (displacements of the objective’s focal plane measured from

the surface of the coverslide).

0.9
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Figure 3: Focusing a plane wave through a 1.35 NA oil-immersion objective into a 5 um water layer
capped by air. The images depict the resulting focal intensity distributions as the focus is translated
through the sample, including instances where the nominal focus is located within the glass sub-
strate below or in the air above the water layer. The horizontal lines indicate the positions of the
glass/water and water/air interfaces. Note the significant focal distortion and shift caused by the
refractive index mismatches between glass (n =1.51), water (n = 1.33), and air (n = 1.0). Excitation
wavelength is 630 nm.



3.2 Wide-field microscopy: How to incorporate optical aberrations

Next, we consider the detection PSF of a wide-field microscope with aberrations. As was ex-
plained in Section 2.3, the detection PSF is nearly identical to the excitation PSF calculated at
the emission wavelength, and we keep to this approximation also here. We model the wide-
field PSF of a microscope equipped with 1.2 NA water immersion objective looking into pure
water (n = 1.33), assuming an emission wavelength of 670 nm. However, we assume that the
imaging optics introduces additional aberrations, which will be described in the conventional

way with Zernike polynomials [12].
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Figure 4: Wide-field PSFs of microscope equipped with a 1.2 NA water immersion objective and for
various aberrations. a = no aberrations, b = defocus, ¢ = vertical astigmatism, d = vertical coma, e =
primary spherical, f = oblique trefoil, g = vertical secondary astigmatism, h = vertical quadrafoil. The
amplitude of the corresponding Zernike polynomials was set to 0.1 of the emission wavelength (i.e.
67 nm) across all simulations. Emission wavelength is 670 nm.

To incorporate the effect of aberrations, the pupil input variable can be utilized. The required
phase modulation function is generated by the provided Matlab routine Zernike.m, which
encodes the first 36 Zernike polynomials using the Wyant index notation (see https://en.wik-

ipedia.org/wiki/Zernike polynomials).

To model the aberration with index j and having amplitude amp, the pupil is defined as:


https://en.wikipedia.org/wiki/Zernike_polynomials
https://en.wikipedia.org/wiki/Zernike_polynomials

pupil = [‘exp(2*pi*1i*’ num2str(amp*n/lambda) ‘*Zernike(‘ num2str(j) ¢,
rad, psi))’]

This string encodes the correct pupil function P(u,d)) as shown in eq. (4). Note that within the

PlaneWaveExc function, the radial variable u is denoted as rad, and the azimuthal angle ¢ as

psi.

When modelling detection PSFs, it is important to note that a single call to PlaneWaveExc
calculates the PSF for only one polarization state (defaulting to x-polarized detection). To ob-
tain the full detection profile, the calculation must be repeated by setting the input variable

phirot to /2, and the results must then be summed.

Crucially, this rotation also affects the pupil function used to describe aberrations. Therefore,
for the second call to PlaneWaveExc, the pupil argument must be modified to:
pupil = [ ‘exp(2*pi*1i*’ num2str(amp*n/lambda) ‘*Zernike( ¢ num2str(j) ¢, rad,

psi+pi/2))’]

This modification applies a pre-rotation of the pupil function by —/2 to compensate for the

coordinate shift.

Finally, the default value for the maximum order of the azimuthal expansion, maxm = 2, must
now increased. Aberrations generate higher-order Fourier modes in the ¢-expansion of
eg. (21), requiring a larger number of maxm for convergence. Empirical testing shows that maxm
= 20 is sufficient to yield accurate results for the aberrations shown in Figure 4; further in-

creasing this value does not produce perceptible changes of the output.

Figure 4 illustrates the computational results for seven prominent aberration types alongside
the ideal PSF (panel a). These visualizations were generated using FocusImage2D function,

with full implementation details available in the script PSFModelingFigure4.m.
3.3 Laser Scanning Confocal Microscopy: How to model confocal detection

When modelling the PSF of a Laser Scanning Confocal Microscope (CLSM) [13] requires the
combination of two distinct PSFs: the excitation PSF, generated by focusing a plane wave into
a diffraction-limited spot, and the confocal detection PSF. The excitation PSF is calculated di-
rectly using the PlaneWaveExc function. Figure 5a illustrates this result, assuming x-polarized

excitation light.



The detection PSF is calculated in two stages: First, the wide-field detection PSF is calculated
as described in the previous section (assuming an isotropic emitter dipole orientation). This

wide-field result is then convolved with the aperture function, A(p), of a circular pinhole, see

also eq. (20). The aperture function is defined as:

pl<a (22)

o)y

p|<a

where a represents the pinhole radius back-projected into the sample space.

This convolution is performed efficiently using the convolution theorem via Fast Fourier Trans-
forms (FFT). The software package includes a dedicated function, FourierConvolution.m,
specifically for this purpose. The resulting detection PSF for a perfectly aligned pinhole is dis-
played in Figure 5b. The total PSF of the CLSM system is determined by the product of the

excitation and detection PSFs:
Uclsm (p'z):Uexc (p'z)Ucon(p’z) (23)

The ideal PSF of the CLSM is displayed in the leftmost panels of Figure 5. These calculations
were performed for a 1.2 NA water-immersion objective focusing into water, with an excitation
wavelength of 630 nm and an emission wavelength of 670 nm. The pinhole radius, a, was set
equal to the first null of the Airy disk according to the scalar PSF (see ref. [14], section III.E).

This radius is defined as:

0= Pol (24)

" 27mNA

where p, is the first zero of the first Bessel function of the first kind, J, (p), and X is the emis-

sion wavelength. For a wavelength of 670 nm and an NA of 1.2, the back-projected aperture
radius in the sample space is 340 nm. Given a system magnification of 60x, this corresponds

to a physical pinhole radius of 20.4 um.

Next, we modelled the impact of pinole misalignment on the resulting PSF. Modelling lateral

displacement is straightforward; the aperture function is modified toA(p—pS), where p_ rep-

resents the lateral shift vector. The resulting PSFs for three different lateral pinhole positions

are displayed in the top row of Figure 5c.
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Figure 5: Impact of pinhole misalignment on the PSF of a CLSM. Panel a: Excitation intensity distri-
bution in the focal region for the diffraction-limited focusing of a linearly polarized plane wave. Panel
b: The corresponding confocal detection PSF. Panel c: xz-cross-sections of the full CLSM PSF. The top
row demonstrates the impact of lateral pinhole misalignment (defined by the indicated Ax values),
while the bottom row shows the impact of axial misalignment (defined by the indicated Az values).
Computations were done for a 1.2 NA water immersion objective, an excitation wavelength of 630
nm, excitation wavelength of 670 nm, and confocal aperture radius (when back-projected to sample
space) of 340 nm. Yellow scale bars represent 1 um.

To model the effect of axial pinhole displacement, we maintained the pinhole’s position while
shifting the excitation focus along the optical axis. This was achieved by applying a pupil func-
tion:

pupil = [‘exp(-1i*’ num2str(2*pi*z/lamem) ‘*cos(asin(‘ num2str(NA/mag)
“*rad)))’]

In this expression, the phase shift z is derived from the desired axial displacement, zpin, via
the relationship z = mag”~2/n*zpin, where mag is the microscope magnification, n the refrac-
tive index value of the objective’s immersion medium, and 1amem is the emission wavelength.
This pupil function induces a specific phase shift that translates the focus by zpin along the
optical axis. The corresponding computational results are displayed in the bottom raw of Fig-

ure 5c.

All computational details for generating the results shown in Figure 5 are contained in the

Matlab script Figure5.m.



3.4 Defocused imaging of single molecules: How to take into account emission dipole ori-

entation

An important application where the physical nature of the fluorescent emitter becomes critical

is the defocused wide-field imaging of single molecule.

Conventionally, this scenario is modelled using a plane wave expansion of the dipole emission
field (the Weyl representation). In this framework, each plane wave component is traced
through the optical system to the image plane, where all contributions are superimposed to
determine the final electromagnetic field distribution. The detected intensity is then calculated
as the perpendicular component of the Poynting vector, representing the energy flux through

the detector surface.

By utilizing the principle of reciprocity, our package simplifies this calculation significantly. In-
stead of tracing emission forward, one calculates the electric field, E, generated in the sample

space by a single light-emitting pixel on the detector. The detection efficiency for an electric

dipole with orientation p is then directly proportional to the coupling |p-E|2.

Figure 6: Defocused
images of single
10.9 molecules. Angle B
is the inclination
between mole-
0.7 cule’s emission di-
pole axis (which lies
106 always in the xz-
plane) and the opti-
cal z-axis, f denotes
0.4 the defocus value.
All panels are nor-
malized to maxi-
0.2 mMum intensity, x-
axis is horizontal
0.1  axis. Yellow scale
bars are 1 um.
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As a demonstration, we consider the wide-field image of a single molecule in air on a glass
coverlisde (ngiass = 1.51, nqir = 1.0). Imaging is done with a .4 NA oil immersion objective with
its immersion medium refractive index perfectly matching that of the glass coverslide. The im-
ages are modelled as a function of the molecule’s orientation and the position of the focal

plane, using a peak emission wavelength of 670 nm. The computational results are presented



in Figure 6, and the implementation details can be found in the accompanying Matlab script,

Figure6.m.

As demonstrated, each molecular orientation corresponds to a unique image pattern, which
becomes increasingly distinct as the defocusing distance increases. This relationship allows for
the determination of the three-dimensional orientation of single molecules from defocused
wide-field images [15—-17]—a technique that has found several compelling applications across

the fields of chemical physics [18—20] and biology [21].
3.5 Scan images of single molecules: How to handle non-trivial excitation polarization

An interesting alternative to wide-field single-molecule imaging is the use of a Confocal Laser
Scanning Microscope (CLSM) [22]. While wide-field imaging primarily probes the orientation
of the emission dipole, CLSM instead probes the orientation of the excitation (absorption) di-
pole. By imaging the same molecule using both techniques, one can infer the relative orienta-
tion between the absorption and emission dipoles [23]. Modelling single-molecule images in
a CLSM framework is similar to the approach described in the previous section, with the pri-
mary difference being that calculations are performed at the excitation wavelength rather than
the emission wavelength. For simplicity, we present computational results for a single mole-
cule scanned by a focused excitation beam without a confocal pinhole in the detection path-
way. In this configuration, the recorded intensity directly reflects the electric field distribution

across the focus as probed by an absorption dipole of a specific orientation. The signal remains

proportional to the coupling strength, 2, but the structure of the electric field can be sig-

p-E

nificantly more complex than the field distributions used to model the detection PSF in the

preceding section.

In this analysis, we consider and compare four distinct focal distributions generated by: (i) a
linearly polarized plane wave (the standard configuration in CLSM), (ii) a circularly polarized
plane wave, (iii) an azimuthally polarized plane wave—where the electric field vector is ori-
ented tangentially at every point around the optical axis—and (iv) a radially polarized plane
wave, where the electric field vector points consistently away from the optical axis. To com-
pute these focal electric field distributions, we utilize the pupil function argument to appro-
priately modulate the phase and vector components of the incident field across the back focal

plane.



Case (i) is straightforward, as the electric field is the direct output of the P1laneWaveExc func-
tion for an x-polarized incident wave. For case (ii), representing circularly polarized excitation,
the calculation is repeated with the input parameter phirot set to /2. This second call yields
the electric field for a y-polarized plane wave; the total complex field is then determined by
the superposition of the x-polarized result and the y-polarized result, the latter multiplied by

the imaginary uniti: E

=E, +iE,.
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Figure 7: presents scan images of a single molecule for the various excitation focal polarizations in-
dicated to the left of each panel. The polar angle B describes the orientation of the molecule’s ab-
sorption dipole relative to the optical axis B =0 corresponds to a molecule oriented along the optical
axis, while B =90° represents a molecule lying in the focal plane. The lateral component of the dipole
orientation is consistently aligned with the horizontal x-axis. All images have been normalized to
their respective maximum values. Notably, in the case of azimuthal polarization, no image is gener-
ated for 3 = 0 because this polarization state produces a null electric field along the optical axis.
Please note the broken bilateral and mirror symmetry in the images produced with circular excitation
polarization. This phenomenon was first reported experimentally in Ref. [24] and is a unique charac-
teristic of focused-beam excitation that could never be observed in conventional wide-field single-
molecule imaging. Yellow scale bars are 1 um.
To generate the focal electric field for azimuthally polarized light, we utilize a two-step super-

position. First, PlaneWaveExc is called with the pupil function pupil = ?-sin(psi)’. Thecal-
culation is then repeated with the same pupil function but with phirot = pi/2, which rotates
the resulting field by 90° around the optical axis. Summing these two results yields the total
focal field for an azimuthally polarized beam. A similar procedure is followed to generate the

field for radially polarized light, substituting the pupil function with pupil = ‘cos(psi)’.

This methodology allows for the precise construction of complex vector beams by inde-

pendently calculating their x and y projections. The full implementation of this approach is



provided in the accompanying Matlab script, PSFModelingFigure?7.m. Finally, single-molecule
images are computed by calculating the squared modulus of the coupling between the mole-

cule’s transition dipole and these structured electric field distributions.

Figure 7 presents the computational results as a function of the absorption dipole orientation,
specifically illustrating the impact of varying inclination angles relative to the cover glass sur-
face. Consistent with the parameters in the previous section, these simulations were per-
formed for a 1.4 NA oil-immersion objective at an excitation wavelength of 630 nm. The mol-
ecule is assumed to be positioned directly on the glass surface, coinciding with the focal plane

of the objective.
3.6 Stimulated Emission Depletion Microscopy: How to handle complex light fields

Stimulated Emission Depletion (STED) microscopy is a super-resolution technique that by-
passes the diffraction limit of light by physically restricting the volume of fluorescence emis-
sion [25,26]. It employs two synchronized laser beams: a standard excitation beam to popu-
lates the fluorophores’ excited state, and a red-shifted ,depletion” beam—often referred to as
the STED beam—that forces molecules back to the ground state via stimulated emission before
they can spontaneously fluoresce. By shaping the STED beam into a specific geometry with an
intensity null (a ,,hole”) at the centre, only the molecules located at the very heart of the focus

are allowed to emit signal, effectively sharpening the PSF beyond the diffraction limit.

Lateral STED is the most common implementation, where a helical phase mask (a vortex ramp
from Oto 2m) is applied to the depletion beam, see Figure 8a. This creates a ,,doughnut” shaped
focal intensity distribution in the xy-plane. Because the intensity of the STED beam increases
sharply away from the central null, the lateral periphery of the excitation spot is silenced, re-

sulting in a significantly narrowed lateral PSF.

Axial STED improves resolution along the optical axis. To achieve this, a nt-step table-top phase
mask is applied to the depletion beam, see Figure 8b, creating a ,bottle beam” or ,double-
cap” distribution. This shape places high-intensity depletion zones above and below the focal
plane, ,,sandwiching” the excitation spot and shrinking its axial extent. When lateral and axial

depletion patterns are combined, a 3D-STED effect is created.



Modelling the PSF of a STED microscope involves two primary steps: first, calculating the fluo-
rescence excitation focus (which is straightforward) and second, calculating the STED depletion

intensity distribution.

Lateral STED is typically generated by focusing an azimuthally polarized beam, a configuration
we addressed in the previous section. Axial STED, on the other hand, is created using a flat-top
phase plate with a m-phase step. This can be implemented via the pupil function argument
pupil = [‘sign(rad-’ num2str(xi) €)’], where xi (ranging from O to 1) defines the

radius of the inner phase-shifting disk.
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Figure 8: PSF calculations for lateral, axial and isotropic STED. ¢ = xz-cross section of fluorescence
excitation intensity distribution; d = lateral STED focus generated by helical wave plate shown in
panel a, e = axial STED focus generated with the flat-top wave plate shown in panel b; f = lateral STED
PSF for a STED intensity of one saturation unit; g = axial STED PSF for a STED intensity of one satura-
tion unit; STED PSF when using both the lateral and axial STED focus. Yellow scale bars are 1 um.

In our modelling of axial STED, as documented in the accompanying script PSFModelingFig-
ure8.m, the value of xi is determined iteratively. We first compute the central intensity at the
focal position for all possible values of xi and then select the value that results in a central

intensity of zero, ensuring a perfect , bottle beam” null.

Figure 8 presents cross-sections of the fluorescence excitation intensity distribution (panel c),
the lateral STED focus (panel d), and the axial STED focus (panel e). The simulations were per-
formed assuming a fluorescence excitation wavelength of 630 nm and a STED wavelength of

700 nm, utilizing a 1.2 NA water-immersion objective focusing into pure water.

To calculate the final STED PSF, we employed the following depletion relation

USTED(p,z):Uexc(p,z)exp[—InZKUdep(p,z)], where U,  is the fluorescence excitation



intensity and U,,, is the STED intensity distribution, normalized to its maximum value. The

factor k tunes the relative intensity of the STED beam; a value of k = 1 signifies that the maxi-

mum STED intensity is equal to the saturation intensity for the specific fluorophore used.

Panels f—h present the resulting PSFs for lateral, axial, and combined lateral and axial STED.
These results demonstrate the significant reductions in PSF size along the lateral direction, the
axial direction, and both directions simultaneously, highlighting the capability of 3D STED to

create a nearly isotropic, sub-diffraction-limited focal volume.

3.7 Walt Webb Space Telescope: How to handle non-trivial amplitude modulations of the

pupil functions

As an extreme and highly actual example of amplitude modulation of the pupil function, we
consider the image formation by the James Watt Space Telescope (JWST). The JWST is the most
powerful space-based observatory ever built, designed to observe the universe in the near-
and mid-infrared spectrum [27]. To achieve its unprecedented sensitivity, the telescope uti-
lizes a unique three-mirror anastigmat design that provides a wide field of view while minimiz-

ing optical aberrations like coma and astigmatism.

The most striking feature of JWST is its 6.5-meter primary mirror. Because a single mirror of
that size would be too large and heavy to fit inside a contemporary rocket fairing, it is con-
structed from 18 hexagonal segments [27]. These segments are made of gold-plated beryl-
lium, chosen for its extreme stiffness and thermal stability at the cryogenic temperatures (be-
low 50 K) required for infrared astronomy. The hexagonal geometry allows the segments to

fold for launch and unfold in space to form a high-fill-factor, nearly circular aperture.

Because the primary mirror is not a continuous circle but a collection of hexagons with gaps
and a central obscuration from the secondary mirror, the Point Spread Function (PSF) of JWST
is distinct. The edges of the hexagons and the support struts cause diffraction spikes, resulting
in characteristic six-pointed star pattern seen in JWST’s deep-field images. For modelling this
system, the ,,pupil function” must account for this complex hexagonal symmetry and the phase

relationships between the 18 individual segments.

We have developed a dedicated function, jwst_mask_full(rad, psi, a, b), which calcu-
lates the amplitude modulation of the JWST primary aperture. This function accounts for the

hexagonal segmentation of the mirror, the non-reflective gaps of width a between segments,



and the three support struts of thickness b. The function can be used directly as the input for
the pupil argument. In our simulations, we have set the inter-segment gap a to 0.01 and the
strut thickness b to 0.03, where a value of 1 represents the radius of a disk tightly enveloping

the primary mirror.

For the PSF calculations, we have a adopted a value of 6.5 m for the primary mirror’s diameter,
and a focal length of 131.4 m, which translates into a numerical aperture of NA = 0.0247 for

the whole optics. The calculations were done for a wavelength of 1 um.
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Figure 9: Computational PSF results for various aperture modulations. The top row displays different
potential amplitude modulation functions applied over the aperture of the JWST, while the bottom
row shows the corresponding PSFs. Panel d provides the closest approximation to the actual geo-
metric configuration of the JWST. Yellow scale bars in the bottom of panel a represent 100 um (0.1
mm). In contrast to the linear scales used in previous figures, the colour mapping here represents
intensity on a logarithmic scale to better visualize the lower-intensity diffraction structures.

Computational results are presented in Figure 9 for the four different amplitude modulation
scenarios displayed in the top row. The bottom row shows the resulting PSFs. Due to the low
numerical aperture of the optical system, even the PSF for the non-segmented and non-ob-
structed aperture (panel a, bottom) exhibits a considerable spatial extent and numerous dif-
fraction rings. To accurately calculate these patterns, the maxm variable in PlaneWaveExc was
increased to 200 to account for the high-order angular Fourier modes. The accompanying
script, PSFModelingFigure9.m, provides the implementation details required to generate the

images shown in Figure 9.
3.8 Double-helix PSF: How to handle non-trivial phase modulations of the pupil functions

Double-Helix Point Spread Function (DH-PSF) microscopy is a powerful wide-field technique

designed to extend the axial tracking range and precision of single-molecule localization



microscopy. While a standard microscope PSF changes very little when a molecule moves
slightly above or below the focal plane—making it difficult to determine the precise z-coordi-
nate—the DH-PSF is engineered to rotate its shape based on the emitter’s axial position. By
mapping this rotation angle to a specific depth, researchers can reconstruct three-dimensional

structures with nanometre precision over a range of several micrometres.

The DH-PSF is created by inserting a specific phase mask into the back focal plane of the mi-
croscope. As a fluorescent molecule moves along the optical axis, the two lobes of the DH-PSF
rotate around their common centre. The angular orientation of the line connecting these two
lobes serves as a direct proxy for the z-position, while the midpoint between the lobes indi-

cates the lateral position.

Initially, Piestun and colleagues introduced the concept [28] using a superposition of Gauss-
Laguerre modes [29] for generating the rotating lobes. Subsequently, Prasad proposed an al-
ternative approach using a waveplate composed of Fresnel zones, where successive zones
carry spiral phase profiles with increasing topological numbers [30]. This method is reported

to provide deeper field of view and enhanced contrast.

In this work, we model the DH detection PSF using the Prasad approach within our the pupil
function framework. The split Fresnel zone waveplate imprints a pure phase modulation on
the wavefront in the back focal plane, as illustrated in Figure 10a. This action is encoded via
the pupil argument pupil = ’helixPrasad(rad,psi)’ where the provided script helix-

Prasad.m calculates the pupil function for the specific phase profile.

Consistent with our previous detection PSF calculations, the P1laneWaveExc function is called
twice—once for x-polarized and once for y-polarized detection. During the second call, the
parameters are set to phirot = pi/2 and pupil = ‘helixPrasad(rad, psi + pi/2)’ to
account for the coordinate rotation. The resulting DH detection PSF is presented as a 3D visu-
alization in Figure 10b, with five selected cross-sections along the optical axis displayed in Fig-
ure 10c. For these simulations, the emission wavelength was set to 670 nm using a 1.2 NA
water-immersion objective focusing into water. The generation of these figures is fully docu-

mented in the accompanying script, PSFModelingFigure10.m.
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Figure 9: Detection PSF for a Double-Helix (DH) waveplate. Panel a: Displays the imposed phase mod-
ulation applied to the incoming wavefront in the back focal plane, following the design proposed in
Ref. [30]. Panel b: Presents the resulting detection PSF as a 3D visualization, where nine distinct in-
tensity iso-surfaces are plotted to enhance the visibility of the intricate helical intensity structure.
Panel c: Shows five lateral (xy) cross-sections of the PSF at the indicated z-values, illustrating the
rotation of the lobes as a function of axial position.

3.9 Super-resolution Optical Fluctuation Imaging: How to deal with non-linearities

An interesting super-resolution microscopy method that only requires a standard wide-field
microscope and a fast camera is Super-resolution Optical Fluctuation Imaging or SOFI [31,32].
Itis a high-resolution fluorescence microscopy technique that achieves sub-diffraction imaging
by analysing the temporal statistics of blinking or fluctuating light emitters. Unlike single-mol-
ecule localization techniques that require isolated emitters, SOFI processes a sequence of im-
ages where multiple fluorophores may be active simultaneously, provided their brightness
fluctuates independently over time. By calculating the nt" order temporal cumulants of the

intensity fluctuations at each pixel, the technique generates a new image where the effective

point spread function is narrowed by a factor of approximately \/; , thereby enhancing spatial

resolution and contrast while significantly reducing background noise.

The mathematical foundation of SOFI image formation is based on the spatio-temporal distri-

bution of intensity l(p,t), which can be described as the convolution of the system’s point

spread function U, (p—p',z’) with a set of N point emitters located at positions (p;,z/’.) .The

total intensity at position p and time tis given by



I(p,t)=ZUdet(p—p;.,z;)sj(t) (25)

j=1
where s, (t) represents the time-dependent brightness of the j emitter. To extract the super-
resolution information, SOFI focuses on the intensity fluctuations 6/(p,t)=l(p,t)—<l(p,t)>t.
The n'" order auto-cumulant C, (p,t) of these fluctuations effectively scales the point spread

function to its n™ power, U, (p—p’,z'). Consequently, the n™ order SOFI possesses a PSF

equivalent to the nt power of the original wide-field microscope’s PSF.
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Figure 10: PSF of SOFI up to the fourth order. a = wide-field PSF, b = 2" order SOFI, ¢ = 3" order SOF],
d = 4™ order SOFI. Please not the reduction of PSF size along all three dimensions. Already 2" order
SOFI provides optical sectioning as in CLSM or two-photon excitation scanning microscopy, in con-
trast to the wide-field microscope (panel a) used for recording the images from which SOFl is calcu-
lated.

This approach is conceptually similar to multi-photon excitation scanning microscopy, with the
key difference being that the resulting PSF in multi-photon imaging is a power of the excitation

PSF (focal intensity distribution), rather than the detection PSF as in SOFI. Consequently, two-

photon excitation scanning microscopy is described by ijc, while triple-photon excitation is

described by U:’XC. Computational results for SOFI up to the fourth cumulant order are pre-

sented in Figure 10 for a wide-field microscope equipped with a 1.2 NA water immersion ob-
jective and an emission wavelength of 670 nm. Full implementation details for the generation

of the images in Figure 10 can be found in the accompanying Matlab script, Figurell.m.
3.10 IScat Microscopy: How to deal with coherent imaging

An important example of coherent, non-fluorescent image formation is interferometric scat-
tering (iISCAT) microscopy [33]. In this modality, the image results from the interference be-

tween a reference electromagnetic field (excitation light back-reflected from the glass-water



interface) and the electromagnetic field scattered by the sample. In the case of wide-field iS-
CAT microscopy considered here, the sample is excited with a plane wave, and the back-re-
flected and scattered fields are imaged onto a camera. In this configuration, the PSF is given

by

E.| ~2Re[E,, E..(p.2)] (26)

U(p,2)=E; +E o (p,z)|2 _

ref

where E_, (p,z) is the electric field generated at position p on the camera from a point scat-

terer at position (O,z) in the sample. For the approximation on the r.h.s., we assume that

E,.. (p,z)| <<|Eref| at all points.

The incident excitation electric field is modelled as a plane wave traveling along the optical
axis, expressed as E, =¢e, exp[ik(z—zf )}, where z, is the position of the objectives focal

plane and the incident light is assumed to be x-polarized. Consequently, the back-reflected

reference field on the camera is proportional to E,; =exp[—2isz], assuming that the glass-

water interface is located at z=0.

The scattered field is calculated in two steps: First, the scattering intensity of a point particle is
proportional to its electric polarizability, o, multiplied by the incident electric field at the par-
ticle’s position. The induced scattering dipole is approximately aligned with the polarization of
the incident field (i.e. along the x-direction). Second, the electric field generated by this a point
scatterer on the detector is calculated by using again the principle of reciprocity. Thus, the iScat

intensity distribution on the detector is

U(p,z z, ) = 2Re{oc E,. (—p,z)exp[ik(z -2z, )]} (27)

where z is the axial position of the scattering particle above the coverslide, and Em(p,z) is
the electric field distribution generated by an x-dipole on the detector at position (p,z) in
sample space for a given focal plane position z,. This distribution can be calculated with the

PlaneWaveExc function.



Figure 11 presents the computational point spread functions (PSFs) for wide-field iSCAT mi-
croscopy, assuming a point-like gold scatterer. The electric polarizability, o, of such a particle

in a medium with refractive index n is proportional to the Clausius-Mossotti relation

2

Au
o=—-
2 2
n,, +2n

n* —n’

(28)
where n, is the complex-valued refractive index of gold. For the selected excitation wave-
length of 500 nm, the refractive index of gold was set to n,, =0.8651 + 1.8488 i. The simulation

assumes the gold nanoparticle is located directly on the surface of a coverslip (z=0) immersed

in pure water (nwater = 1.33). The images depict z-scans recorded by sequentially moving the

objective’s focal plane along the optical axis; consequently, the images represent (x,zf) Cross

sections.
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Figure 11: PSF of widefield iScat microscopy. The top row of the figure displays the Point Spread
Function (PSF) of wide-field iScat microscopy under optically perfect conditions, where the refractive
index of the 170 um thick coverslip matches the refractive index of the objective’s immersion me-
dium (ngiess = 1.51). In contrast, the bottom row illustrates the resulting PSF when the refractive index
of the coverslip deviates by only 0.005 from the ideal value (ngiass = 1.505), @ minor mismatch that
nonetheless induces perceptible changes in the signal distribution. For both cases, the left panels
show the xz-cross-sections of the PSF, while the right panels display the xy-cross-sections taken at
the plane of maximum absolute signal.




The top row of Figure 12 displays cross-sections of the PSF under ideal conditions, where the
refractive index of the coverslip perfectly matches that of the objective’s immersion medium.
Notably, these ideal conditions failed to reproduce the experimental PSF characteristics re-
ported in Figure 1b and c of reference [34]. A successful reconstruction of the measured PSF
was only possible by introducing a slight refractive index mismatch of 0.005 for the coverslip,
the results of which are shown in the bottom row of Figure 11. This discrepancy underscores
the extreme sensitivity of interferometric scattering microscopy to even marginal refractive

index mismatches, which can significantly dictate the final image contrast and symmetry.

Full implementation details for the generation of the images in Figure 11 can be found in the

accompanying Matlab script, Figurel2.m.

4. Conclusion

In this work, we have presented a comprehensive and flexible framework for modelling point
spread functions across a wide array of microscopy modalities and optical systems. The pri-
mary strength of the associated Matlab package lies in its exceptional ,frugality”: the entire
suite of applications presented—from multilayered samples to complex phase engineering—
relies almost exclusively on one single core function, PlaneWaveExc.m. With a very limited
number of input variables, this minimalistic core enables users to handle sophisticated tasks
such as incorporating the principle of reciprocity for detection PSF modelling. While this
streamlined architecture requires the user to possess a solid understanding of the fundamen-
tals of physical optics to correctly define input parameters—particularly the pupil function for
custom modulations—it is precisely this simplicity that makes the package extremely versatile.
This approach empowers researchers to model diverse, real-world optical scenarios with high

accuracy while maintaining a transparent and adaptable code base.
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